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In the current project, we have delved into the variational analysis of
differential and discrete equations from various perspectives. For variational differential
equations, we have developed a discrete counterpart of the variational bicomplex structure. This
framework aids in understanding fundamental geometric and algebraic features, such as
multisymplectic structure, symmetries, and conservation laws. For nonvariational problems, we have
defined a modified formal Lagrangian formulation (MFLF), enabling the treatment of any differential
equations. Specifically, this approach facilitates the systematic construction of conservation laws
using Noether’ s Theorem and variational integration even for nonvariational equations.
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Variational problems are endemic throughout physics and engineering. Given a
Lagrangian functional admitting a continuous symmetry group, conservation laws (CLs) for
its relevant Euler-Lagrange equations can be achieved through Noether’s theorem. For
example, the conservation of energy is related with symmetries of time translation. On the
other hand, with the fast development of computers, numerical methods have become more
and more powerful in scientific research. However, the stability and effectiveness of
numerical algorithms are still the key issues, which in return motivate various new
numerical methods. Geometric integrator, discretisation inheriting structures of original
systems, plays their unique roles in numerical methods for differential equations (DES). In
particular, variational integrators not only systematically preserve symplectic or
multisymplectic structures but also admit good long-time energy behavior.

Itis clear that symplectic structures can contribute to first integrals of variational ordinary
differential equations (ODEs). It is superb that variational integrator, derived from
discretisation of variational principles, preserve relevant symplectic forms. By extending
symplectic geometry to infinite-dimensional spaces, it is possible to accommodate fluid
mechanics and classical field theories such as electromagnetism or gravity, but the analysis
is messy. Hence, since the late 1960's, there had been great efforts in developing a finite-
dimensional geometry of classical fields. Using symplectic geometry as the prototype,
investigators went from ODESs on a finite dimensional space to partial differential equations
(PDEs) on an infinite-dimensional space with a natural multisymplectic structure. The idea
of multisymplectic Hamiltonian PDEs was intensively investigated by Timothy Bridges and
his collaborators and a great number of examples were uncovered, the Camassa-Holm
equation, the KdV equation, the nonlinear Schrédinger equation, to name only a few. From
the Lagrangian aspect, general approaches for multisymplectic structures of first-order and
second-order Lagrangians had been considered. The methodology therein had difficulty to
achieve a universal structure for cases of an arbitrary order, due to the case-by-case reasoning.
Using multisymplectic geometry as a basis, a theoretical framework could be developed for
generalising multisymplectic integrator to partial derivatives in time and space.

This project aimed to figure out the following key scientific questions.
(1) For Hamiltonian PDEs, multisymplectic integrator is hardly systematic;
(2) while for variational DEs, until a better and general theoretic understanding for arbitrary
order variational problems can be constructed, one is not able to provide a concrete
explanation for the conservation of multisymplectic structures.

Firstly, we aimed to construct a unified theory for the conservation of both continuous and
discrete multisymplectic structures for arbitrary order systems of PDEs, which is the
generalisation of conservation of symplecticity for ODEs.

Secondly, the geometry of symplectic structures not only has facilitated powerful tools in
applied mathematics, especially geometric numerical integration, but also has stimulated
fundamental advances in pure mathematics, such as group representations and topological
dynamics. For first-order variational problems, the fundamental symplectic (and
multisymplectic) structures had been exploited for continuous and discrete mechanics (and
field theories). However, generalisations to arbitrary orders had yet to be constructed due to
the lack of a general treatment. To fill the gaps, this study also aimed to develop a
systematical geometric-variational approach for arbitrary order variational problems as well
as their discretisation.

To solve such key scientific questions, we made use of the variational bicomplex, a double
co-chain complex about the algebra of exterior differential forms on jet manifolds. As the
name suggests, Lagrangians, variational DEs and Helmholtz condition (for inverse problems)



are defined as elements on the bicomplex. For Hamiltonian PDEs, a close relation between
the wvariational bicomplex and multisymplectic forms has been uncovered, where
multisymplectic forms are interpreted as higher-order conservation laws on the bicomplex. A
discrete version of the bicomplex was constructed and extended during the project, which
assisted us to understand the geometry of finite difference schemes.

We investigated theoretic foundation of arbitrary order variational problems and its
applications to realistic systems from, for instance, mechanics, physics, and fluids. We also
explored a systematic approach for the geometric understanding and construction of
geometric integrator. In more details, we
(1) obtained the relation between multisymplectic structures for first-order Lagrangian field
theories and Hamiltonian PDEs, which generalises the symplecticity of ODEs;

(2) developed a systematic methodology for the understanding of multisymplectic structures
for arbitrary order variational problems;

(3) constructed the conservation of discrete multisymplectic structures for arbitrary order
geometric integrator, and verified its continuum consistency with the continuous picture;

(4) defined the modified formal Lagrangian formulation that is applicable to non-variational
problems;

(5) investigated real simulations and analysis for systems from mechanics, melicular
dynamics, field theories, fluids, etc.

These outcomes contribute to a deeper understanding of multisymplectic structures in
variational problems and advance numerical methods for diverse scientific applications.
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