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Rational points and integer points on elliptic curves and the related Diophantine
equations
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Our purpose of this research are (1) to study the generators and integer points
on elliptic curves defined by equations having integral coefficients, and (2) to examine the
extensibility of Diophantine pairs to Diophantine quintuples. For (1), let C_m be the elliptic curve
defined by x 3+y 3=m, where m is cube-free. Then we determined the generators for the group C_m(Q) of
rational points on C_m and integer points on C_m in the cases where C_m(Q) has rank 1 or 2. Moreover, we
explicitly investigated the generators for the group E N(Q) of rational points on E N defined by

2=x 3-N 2x in the case where the rank of E N(Q) is 2 or 3. As for (2), we showed that any
Diophantine pair {a,b} satisfying a<b<4*sqrt{a} or b<3a cannot be extended to a Diophantine quintuple.




1)
E Mordell E
Q E@)
Siegel E
Baker
Fermat 3 3 twist x3+y3 =

m (m 3 )

Cn Everest, Ingram,
Stevens Cn(Q) 1 Cm

2

1 Cm(Q)

Everest-Ingram-Stevens 2009 )

(canonical
height)
Everest
Cn(Q)
2 Cn(Q) Cm
n E:y?=
x3-nx n 4
E(@
2 E(@
Fujita-Terai 2011 )
n 1
n 3
EQ)
Fujita 2013
E n
N
EN:y?2 = x3 — N2x 2
3 EN(Q)
N
(2) {al’...’am}
i#]j a;a; +1
m
5
6 5
Duijella,
2004 2
{k—1,k+1} 5
Fujita, 2008

2 1
Baker Rickert
Rickert 1993

(1)
Ep:y? = x3 — 432m?
Cn:x3+y3=m
1 2
N
EN:y?2 =x3 — N2x
local height
EN
EN(Q) 2 3 EN(@Q)
(2) Rickert
2
{a,b} (a < b) {a,b,c} (b <c)
3 c
2
Baker
2 {ab}
{a, b} 5
1)
Cn P E, P
En(Q)
Cm 1
2
Silverman
Silverman
1988
2 m=a’+b3=c3+

d®(a,b,c,d €Z)

a,b,c,d
a = 4u® — 4uv + 6v?%, b = 3u? + 5uv — 5v?,
¢ = 6u? —4uv + 4v?,d = —5u® 4+ Suv
Ramanujan
1 2
Cm



EN Silverman

EN(@Q)
2 3 EN(Q)
(2) 2 {ab}
{a,b,c} (a<b<c) 3
c b
Baker-Davenport
a b {a,b,c}
3 c
Pell
{a, b}
5
@
Fermat 3 3 twist Cpx3+
yi=m (m 3 )
Cn(Q) 1
(0 2
Cn(Q)
Cn (@) 2 Cm
2 P,Q (P + Q)
Cn(Q) Cn
+P,+Q,x(P+R) 6
Acta Arithmetica
N EN:y2 =x3—
NZx EN EN(Q)
2 3 N
N =3Qa® — ) (a? + p?)(a® -
26%) 2
a? + p?
3
EN(@Q

Journal of the Ramanujan Mathematical
Society
(Qa<b<a+4vVa b=4a+4
2 {ab} 2

1
Baker Rickert

Baker-Davenport
Journal of Number Theory
b <3a 2 {ab}

Rickert

Glasnik Matematicki

a b
g b <3ga
2  {ab}
5
Publicationes
Mathematicae Debrecen

Mihai Cipu, Alan Filipin, Yasutsugu
Fujita,
Bounds for Diophantine quintuples 11,
Publicationes Mathematicae Debrecen,
88, 2016, pp.59-78
DOl : 10.5486/PMD.2016.7257

Mihai Cipu, Alan Filipin, Yasutsugu
Fujita,
Bounds for Diophantine quintuples,
Glasnik Matematicki Series
50, 2015, pp.25-34
DOI: 10.3336/gm.50.1.03

Yasutsugu Fujita, Tadahisa Nara,
Generators and integral points on twists
of the Fermat cubic, Acta Arithmetica,

168, 2015, pp-1-16
DOI: 10.4064/aa168-1-1

Alan Filipin, Yasutsugu Fujita, Alain
Togbe,
The extendibility of Diophantine pairs
- examples, Journal of Number Theory,
145, 2014, pp.604-631
DOI: 10.1016/j -jnt.2014.06.020

Christian Elsholtz, Alan
Yasutsugu Fujita,
On Diophantine
D(-1)-quadruples, Monatshefte fur
Mathematik, 175, 2014, pp.227-239
DOI: 10.1007/s00605-013-0571-5

Filipin,

quintuples and

Yasutsugu Fujita,
Generators for congruent number curves of
ranks at least two and three, Journal of
the Ramanujan Mathematical Society,
29, 2014, pp.307-319
http://journals.thescientificindian.com

/jrms/2010-19

Yasutsugu Fujita, Takafumi Miyazaki,
Jesmanowicz® Conjecture with Congruence
Relations. 11,

Canadian Mathematical Bulletin,
57, 2014, 495-505




DOI: 10.4153/CMB-2014-020-0

Yasutsugu Fujita,
Extendabilities of a Diophantine triple
to quadruples, Analytic Number Theory
and Related Areas, 2015/11/05,

( )

Yasutsugu Fujita,
Bounds for Diophantine quintuples,
Diophantine Analysis and Related Fields
2015, 2015/03/05, (

)

Yasutsugu Fujita,
Diophantine quintuples: Bounds on the
elements and the number, Conference on
Diophantine m-tuples and related
problems, 2014/11/13, Westville (USA)

Yasutsugu Fujita,
Generators for twists of Fermat®"s cubic
and congruent number curves, Diophantine
analysis and related fields 2014,
2014/03/08, ( )

o

@

26

®

FUJITA, Yasutsugu

50514163

TERAI, Nobuhiro

00236978

NARA, Tadahisa



