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Clarification of the phase space structure of the tropical integrable systems

Takagi, Taichiro
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We clarified several properties of the phase space structures of the
tropical periodic Toda lattice. This model is defined as a tropical limit of the discrete periodic
Toda lattice, a variation of the Toda lattice which is one of the most famous models in the field of

classical integrable systems. Especially, we proved that the Young diagrams defined through the Lax
representation of the discrete periodic Toda lattice coincide with the Young diagrams defined as
continuous limits of the corresponding diagrams defined in the combinatorial theory of the Bethe
ansatz of the quantum spin chains. In addition, during a process of widening the author’ s vision to
find a breakthrough in future studies, we considered somehow different kind of problems in the
f;eld of integrable systems and found a new result on generalized Wick theorems in conformal field
theory.
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axp—1 + 32n = an t+ d2n+1, 32032n+1 = 32n+132n+2-

a
mod 2N

t+l t

1 - [T, (a2-1/22)
N-1 k )
k=0 H/=1(32(n—/)+1/32(n—1))
3nt+1 = A2n4+132n+2/ 32n-

dop = apy1 t a2

N+1

hk= E ajaj, .- - i,

1<i aipa--aiy <2N

(i) #(1.2N)

for 1 < k <N and hN+1:Hfgla;,wherei<j®i+1<j.

mod 2N

Hy, = min
1<iy aipa---aij <2N

(in,ik) #(1,2N)

(Ail+Ai2+"'+Aik)’

for 1< k < Nand Hysy = 32N Aj, where i<j < i+ 1< j.
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Theorem
For (Ay,. .., Axn) € (R-0)?V let Hp = 0 and

Hy = min (A + A, +---+A,),
1Shaipa--aiy<2N
(i1,ix)#(1,2N)

for 1 < k < N, where i<j < i+ 1< j. Then the relations
Hy + Hy.o > 2H, ., are satisfied for 0 < k < N — 2.

Hyy1o; Hyog
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Example
For N=6,let Ay =5 A =Ap =3 A3 =Ag=A; =2 A = As =
As = A7 = Ag = Ayp = 1. Then we have:

(A A) = (5,3,2,1,1,1,1,2,1,1,2,3),
Hi=1, Hy=2, Hy=3,
Hy=5 Hs=1T,
6
Ho=11 (= Ay).
i=1

and h=4.h=2K=1m =1,m =2,m; =3.
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Young diagram by the first definition
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Example
We have:
xM =(5,3,2,1,1,1,1,2,1,1,2,3),
yM) =(4,2,1,0,0,0,0,1,0,0,1,2),
x? =(4,211172),
y® =(3,1,0,0,0.1),
x® = (3,2),
y® =(1,0),
pV =14@ =140 =20 =3 =206 =1,
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Young diagram by the second definition

)

- -

l‘(“)

P
Il

2 |

—
)

V()

e

S
KKR ~

AWn

Al KKR

10-elimination

KKR

Wick

2
Wick Bais
et al 1987
AREOW) = 5 f 2 {A@IB()Cw) + BIAEIEw) |
A(2)
(BCY(W)
= B(w)C(w):
A(Z2)B(X)
w 1
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Borcherds

A(W)myB(w)
1999

Borcherds Identity with p =0,r = —1,q € Z>¢

(A(W)(-1)B(W)) () C(w) = Z(A(W)( i-1)(B(W)(g+i) C(w))

+B(w)(g-i-1)(A(w)i) C(w)))

Borcherds 1980

(Thielemans 1994)
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