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研究成果の概要（和文）：一般化SU(N)反強磁性ハイゼンベルグモデルの非磁性SU(N)シングレットダイマー相へ
の有限温度相転移現象のユニバーサリティクラスを数値的に調べた。そして、臨界現象のスケーリング解析に有
用なベイジアンスケーリング解析法をスケーリング補正項が適切に取り扱えるように改良し、3次元イジングモ
デルにおいてその有効性を確かめた。また、SU(N)反強磁性ハイゼンベルグモデルの基底状態相図を明らかに
し、3カラム表現の非常に弱いダイマー秩序が検証可能な最低システムサイズを見積もった。さらに、並列テン
ソル計算ライブラリーを標準的な並列線形計算ライブラリー上に構築しそのパフォーマンスを検証した。

研究成果の概要（英文）：We numerically study thermal phase transitions of generalized SU(N) 
Heisenberg models on square and honeycomb lattices. They are critical near zero temperature, and the
 universality classes on square and honeycomb lattices are the weak Ising one and the three-state 
Potts one, respectively. For the scaling analysis of critical phenomena, we propose a new Bayesian 
scaling analysis with corrections to scaling. We show the fast convergence of the value of inverse 
temperature and critical indexes by our new method for the thermal phase transition of the 
three-dimensional Ising model. We also numerically study the ground state phase diagram of SU(N) 
Heisenberg models with multi-column representations on square lattices. We estimate the minimum 
system size to check the existence of very weak dimer order for three-column representations. For 
large-scale tensor network calculation, we develop a parallel tensor network library based on the 
standard parallel linear-algebra library.

研究分野： 物性基礎論

キーワード： テンソルネットワーク　脱閉じ込め量子臨界現象　SU(N)対称性　反強磁性ハイゼンベルグモデル　vale
nce-bond solid state
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１．研究開始当初の背景 
(1) 量子磁性体の絶対零度での非磁性基底状
態として、シングレット相関で特徴付けられ
る空間対称性を破れた valence-bond solid 
(VBS)状態、また、空間対称性を破らないトポ
ロジカルな秩序として特徴付けられる量子ス
ピン液体状態についての理解が大幅に進んで
きた。しかし、VBS 状態が様々な物質で観測
されている一方で、量子スピン液体状態につ
いては実際の物質での存在についてもなお議
論が続いており、その探求は物性研究の中心
的課題の１つになっている。特に、幾何学的
なフラストレーションと量子揺らぎが共に強
い系であるフラストレート量子スピン系がそ
の探求の主な舞台になっているが、量子スピ
ン液体に関する様々な提案のどれが実現して
いるのかについてはよくわかっていない点が
多い。この背景には、有効理論モデルの平均
場を超える取り扱いの困難さがある。そのた
め、数値的な手法の活用が期待されるが、従
来の数値的手法には種々な限界があった。こ
のような状況の中で、最近、量子情報分野の
研究の進展をベースにしたテンソルネットワ
ークを用いた新手法の活用が注目されている。 
 
(2) 非磁性基底状態そのものに加えて、非磁
性相への量子相転移現象に関しても未解明の
部分が多い。例えば、VBS 相と磁性相の間の
脱閉じ込め量子臨界現象は、対称性の自発的
破れでは記述されない新しいタイプの量子臨
界現象であり、高い関心をもたれている。特
に、脱閉じ込め量子臨界点近傍では非常に弱
い VBS 秩序が想定されるため、その存在によ
り従来の量子スピン液体状態に関する議論に
も強い影響を与える可能性がある。 
 
２．研究の目的 
(1) 量子揺らぎの強い量子スピン系を例とし
て、テンソルネットワークを用いた新手法の
総合的有効性の向上を進める。特に、実装面
においても、非自明な並列化の研究を進める。 
 
(2) 量子スピン系の非磁性相におけるトポロ
ジカル秩序、及び、磁性相と非磁性相間の脱
閉じ込め量子臨界現象の数値的検証を進め、
これらの同定を行う。特に、トポロジカル秩
序の有無や脱閉じ込め量子臨界現象の可能性
について明らかにする。 
 
３．研究の方法 
(1) テンソルネットワーク計算の為の並列化
ライブラリーを開発し、そのパフォーマンス
の検証を行う。 
 
(2) 量子スピン系（特に一般化された反強磁
性ハイゼンベルグモデル）を対象として、脱
閉じ込め量子臨界現象と関連のある現象の数
値的研究を進める。 
 
	

４．研究成果	
(1)	絶対零度で脱閉じ込め量子臨界現象を起
こしていると考えられている一般化 SU(N)反
強磁性ハイゼンベルグモデルの有限温度相転
移を数値的に調べた。このモデルは反強磁性
ハイゼンベルグ相互作用を一般化した SU(N)
シングレット対への射影演算子で表される相
互作用によって構成されている。射影演算子
の多体項によって生まれる非磁性 SU(N)シン
グレットダイマー相と SU(N)磁性相の間で脱
閉じ込め量子臨界現象が起きると期待されて
いる。SU(N)シングレットダイマー相では、正
方格子で格子の 4 回回転対称性、蜂の巣格子
で 3 回回転対称性が自発的に破れる。ダイマ
ー秩序がベクトル場で表現されるとすると、
それぞれの回転対称性破れを起こす異方性の
有意性はダイマー秩序相への有限温度転移に
強い影響を与えると予想される。	

	 量子モンテカルロ法により、SU(N)シングレ
ットダイマー相への有限温度相転移現象を数
値的に調べた結果、正方格子、蜂の巣格子、共
に絶対零度付近まで臨界的であることがわか
った。さらに、それぞれの臨界現象が正方格
子では弱い 2 次元イジングユニバーサリティ
クラスに、蜂の巣格子では 3 状態ポッツユニ
バーサリティクラスに属している事がわかっ
た（図 1 参照）。これらの結果は、4（3）回転
対称性を破るダイマー場の異方性がマージナ
ル（有意）である事に強く影響されているこ
とを示す。なお、絶対零度付近まで臨界的で
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FIG. 4. (Color online) Temperature dependence of CR , BR , ξ/L,
and S( Qc)L

− γ
ν for the SU(4) honeycomb-lattice model at $ = 0.5.

ξ and CR (or ξ and the Binder ratio BR), because their
scaling forms contain only two variables, Tc and yt . Both
Tc and yt were optimized simultaneously from the ξ and
CR data set. In detail, we evaluated Tc and yt for several
data sets labeled Lmax that include four different system
sizes, for example, Lmax = 72 includes L = {32,48,64,72},
Lmax = 96 includes L = {48,64,72,96}, and so on. Since
apparent system-size dependence is observed for $ > 0, we
evaluated the extrapolated values of Tc and yt in the limit
Lmax → ∞ from the large-system sets. (One example of this
size dependence is the result at $ = 0.15 for SU(3) shown in
Fig. 7.) After we obtained Tc and yt for the thermodynamic
limit, η and γ /ν were independently obtained from the
correlation function, C(r), and S( Qc).

We summarize the estimated yt (= ν−1) and Tc in Fig. 5 for
the square-lattice case (the SU(N ) JQ2 model). In the square-
lattice model, yt (ν) monotonically decreases (increases) as
the system approaches the quantum critical point, in both the
SU(3) and the SU(4) cases. In contrast to yt , we observe that
η and γ /ν take constant values for $ < 0.97. Figures 6(a)
and 6(b) show the $ dependence of the effective η estimated
from the assumption that C(R) ∼ R−η. From Figs. 6(a)
and 6(b), it is apparent that η clearly crosses η = 1/4 at critical
temperatures within the error bars. In the same manner, the
effective γ /ν is estimated from the form S( Qc = 0) ∼ Lγ /ν .

FIG. 5. (Color online) (a) Critical temperature and (b) renormal-
ization group eigenvalue, yt , for temperature in the square-lattice
case. The open squares (circles) are the SU(3) [SU(4)] results. yt

is estimated by extrapolation to the thermodynamic limit, $ = 0
corresponds to the dimer limit, where J = 0, and $ = 1 is the QPT
point.

Figures 6(c) and 6(d) present γ /ν evaluated from the data for
L ! 96. We can confirm from Fig. 6 that γ /ν crosses the value
7/4 at critical temperatures. Thus we conclude that η and γ /ν
satisfy η = 1/4 and γ /ν = 7/4 at critical temperatures, within
the error bars. The obtained exponents are the same as those of

FIG. 6. (Color online) $ dependence of effective η and γ /ν of
SU(N ) JQ2 models. All values were evaluated from the assump-
tions C(R = L/

√
2)|T ∼Tc ∼ L−η and S( Qc)|T ∼Tc ∼ L

γ
ν , which are

approximately satisfied in the vicinity of the critical temperatures.
The vertical colored lines are critical temperatures and the black
horizontal lines correspond to the values of the exponents for the 2D
Ising universality class (η = 1/4 and γ /ν = 7/4).

094414-4

THERMAL PHASE TRANSITION OF GENERALIZED . . . PHYSICAL REVIEW B 91, 094414 (2015)

FIG. 7. (Color online) System-size dependence of yt estimated
from BR . All yt values were evaluated from the Bayesian scaling
analysis for several data sets labeled Lmax (see text). The extrapolated
values are expected to be those in the thermodynamic limit. The
dotted line is a guide for the eye. The inset is the same result plotted
as a function of β/Lmax. Note that kB = 1 and J + Q2 = 1.

the 2D Ising universality class. yt (ν) itself varies depending
on #, but the other exponents, such as η and γ /ν, are constant.
This behavior is known as the 2D Ising weak universality [19]
and is consistent with the results reported in Ref. [16] for the
SU(2) JQ3 model.

To approach the QPT point from the finite-temperature
region, we performed these calculations at very low fixed
temperatures by varying λ. With limited system size, we
observed an apparent increase in yt . However, as we discuss
below, this is due to crossover from the mean-field-type
behavior to the true asymptotic behavior and should not be
taken as an evidence suggesting a first-order transition. (This
is a slightly confusing point since the mean-field value for
yt = 2 happens to be equal to the expected value for the
first-order transition in two dimensions.) Figure 7 shows the
system-size dependence of yt at kBT /(J + Q2) = 1/20, 1/32,
1/64, and 1/256 for the SU(3) case. Each value of yt is the
FSS result of BR for several data sets labeled Lmax that include
three different system sizes; for example, Lmax = 48 includes
L = {24,32,48}, Lmax = 72 contains L = {48,64,72}, and so
on. At kBT /(J + Q2) = 1/20, yt systematically decreases
as Lmax increases and takes the approximate value yt ∼
0.23 in the thermodynamic limit. However, in the lower-
temperature region, we observe that yt exhibits a crossover
from the mean-field value; the data for small Lmax indicate
yt ∼ 2(= 1

ν
), but yt decreases suddenly when the system

size becomes larger than a characteristic length, Lc. In the
case of kBT /(J + Q2) = 1/32 and kBT /(J + Q2) = 1/64,
we estimated Lc ∼ 72 and Lc ∼ 192, respectively. However,
when kBTc/(J + Q2) = 1/256, we obtained a data with the
exponents of the mean-field value in both the SU(3) and
the SU(4) case. Therefore, we can obtain the correct values
from the data for L > Lc in the FSS analysis, while we
estimate the mean-field values from the L < Lc data. This Lc

is natively related to the development of the correlation length
along the imaginary-time direction, ξτ ; the thermal criticality
can be observed after ξτ approximately exceeds the inverse
temperature, β. (It is expected that Lc ∼ ξτ ∼ aβ, where a
is an unknown constant.) In the present case, the correlation
along the real space direction is well developed for ξτ < β.
Thus, the system can be described by an effective model

FIG. 8. (Color online) (a) Critical temperature and (b) renormal-
ization group eigenvalue for temperature in the honeycomb-lattice
case. yt is also evaluated from extrapolation to the thermodynamic
limit. The inset of panel (b) is the system-size dependence of
yt for the results obtained from the fixed-temperature calculations
at kBTc/(J + Q3) = 1/20 and 1/64 (see text). The open squares
(circles) are the results for the SU(3) [SU(4)] spins. The black dotted
line is the value of the 2D three-state Potts case, yt = 6/5.

with long-range interactions. Similar crossover is observed for
the critical exponent yt (= 1/ν) in the 2D Ising models with
long-range interactions [28]. In the Ising model, yt depends on
the ratio between the interaction range and system size. When
the interacting range is significantly larger than the system size,
mean-field-type behavior is observed. From the extrapolated
results for yt , it can be stated that the universality class of the
thermal transition for kBTc/(J + Q2) ! 1/64 is explained by
that of the 2D classical XY + Z4 model and is therefore the
weak 2D Ising universality class.

Next, we focus on the criticality of the SU(N ) JQ3 model
on the honeycomb lattice. In Fig. 8, we summarize yt=ν−1

and Tc for the SU(3) and SU(4) JQ3 models. We find that
yt = 6/5 (ν = 5/6) is well satisfied even in the vicinity of the
QPT limit of # = 1 and that the size dependence of yt is quite
small for # " 0.95. This value is consistent with that of the
2D three-state Potts universality. In Fig. 9, we show η and γ /ν
that were estimated in the same manner as in the square-lattice
case. The 2D three-state Potts universality is also confirmed
directly; η = 4/15 and γ /ν = 26/15 are satisfied at the
critical temperatures within error bars. The present columnar
VBS pattern is characterized by the π/3 rotational symmetry
breaking, reflecting the honeycomb-lattice background. Thus,
it is expected that the related classical model with the same
universality class is the 2D XY + Z3 model. Since the Z3 field
is strongly relevant in two dimensions, the exponents are not
affected by the coupling constants J and Q3.

The fact that the Z3 field is relevant may help us discuss
the possibility of DCP occurring. If the present honeycomb
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図 1．正方格子（上図）と蜂の巣格子
（下図）上の一般化 SU(N)反強磁性ハ
イゼンベルグモデルにおける SU(N)
シングレットダイマー相(Λ≦1)へ
の有限温度相転移の臨界指数。	



あることはこれらのモデルにおける絶対零度
での脱閉じ込め量子臨界現象の存在と矛盾は
しない事も確かめられた。	
	
(2)	臨界現象のユニバーサリティクラスの研
究ではスケーリング解析がよく用いられる。
ただ、関数形が未知のスケーリング関数を含
むスケーリング則をデータに当てはめるスケ
ーリング解析には様々な困難がある。それを
大幅に改良したベイジアンスケーリング解析
法の改良を行った。	
	 脱閉じ込め量子臨界現象など興味深い臨界
現象ではしばしばスケーリング則に対する補
正項が現れる。しかし、スケーリング補正項
の存在はベイジアンスケーリング解析に不適
切性をもたらすことがわかった。そこで、ス
ケーリング補正項を多項式展開する事により、
系統的にスケーリング補正項を取り入れたベ
イジアンスケーリング解析法を定式化した。	

	 新手法（合成カーネル法）と従来手法（ガウ
シアンカーネル法）のパフォーマンスを比較
したものが図 2 である。スケーリング補正項
を含めた新手法は従来法と違い他の解析で求
められている臨界逆温度や臨界指数値に小さ
なシステムサイズのデータから良い収束性を
示していることがわかった。	
	
(3)	 SU(N)反強磁性ハイゼンベルグモデルの
基底状態相図に関する研究を行った。このモ
デルを解析した Read らの仕事は脱閉じ込め
量子臨界現象に関する理論の基礎になってい
るため、特にマルチカラム表現を持つSU(N)モ
デルに関して基底状態相図を量子モンテカル
ロシミュレーションにより解析した。その結
果、正方格子では 2 カラム表現では、N=10 に
おいて磁性状態からネマティックダイマー状

態に基底状態が直接的に変わることが確認さ
れた。これは Read らの予想と一致する。一方
で、3 カラム表現では、N=15 での磁気的秩序
の消失は確認されたが予想されるカラムナー
ダイマー秩序は確認できなかった（図 3 参照）。
しかしながら、Read らの解析と量子モンテカ
ルロシミュレーションを組み合わせることで、
ダイマー秩序が非常に弱く、シミュレーショ
ンを行った最大システムサイズ(L=128)を 4
倍以上にして初めて検知可能であることがわ
かった。したがって、我々の結果は Read らの
仕事をサポートする数値的証拠として考える
ことができる。	

(4)	 PBLAS や ScaLAPACK を利用した並列テン
ソル計算ライブラリーを構築した。大きな特
徴は PBLAS や ScaLAPACK など標準的な並列線
形計算ライブラリーをベースにしているため、
一般的な並列計算機環境で稼働する事である。
また、ライブラリーは C++言語で実装されて
いるが、関数インターフェイスは Python 言語
の標準的な数値計算ライブラリーNumpy 風に
なっており、Python 言語コードからの移植性
も高い。我々の計算ライブラリーでは、例え
ば、代表的なテンソルネットワークアルゴリ
ズムである高次特異値分解に基づくテンソル
繰り込み群法では、テンソルのボンド次元が
128 では、プロセッサ数が数百近くまでスト
ロングスケーリングを示す。また、プロセッ
サ数を固定しても大きなボンド次元に対する
計算時間のスケーリングは変わらないなど、
並列テンソル計算ライブラリーとして実用的
なものになっている。	
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(a)
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FIG. 3. (Color online) (a) Binder ratio of Ising model on cubic
lattices. Inset: Binder ratio near a critical point. (b) Precision of Binder
ratio in Monte Carlo calculations.

Figure 3(a) shows Binder ratios from L = 4 to 32. In the
thermodynamic limit, Binder ratios have a single crossing
point at a critical temperature. However, due to a correction to
scaling, there is a shift of crossing point in the finite system
sizes. As shown in Fig. 3(a), Binder ratios almost share a single
crossing point. The inset of Fig. 3(a) shows Binder ratios
near the critical point (in Ref. [22], βcJ = 0.22165463(8)].
The crossing point between neighboring system sizes shifts,
indicating the existence of corrections to scaling. Figure 3(b)
shows the precision of data in Monte Carlo calculations.
Because of critical slowing down, the precision becomes worse
near a critical point. But, it may be enough to do a scaling
analysis with a correction to scaling.

2. Inference results

We applied two kernel methods to the Binder ratios on
selected system sizes as a sequence of Nset systems up to
Lmax. The range of Binder ratios is [1.1, 2.2]. In addition,
we start from results of physical parameters in Ref. [22] for
the nonlinear optimization in the kernel method. Figure 4(a)
shows the inference results of an inverse critical temperature
βcJ and a critical exponent 1/ν as a function of Lmax. The βcJ
results obtained by using the 1D Gaussian kernel [M = 0 in
Eq. (14)], in which a correction to scaling is not assumed,
slowly converge when Lmax increases. In contrast, results
obtained by using the composite kernel [M = 1 in Eq. (14)]
quickly converge. For critical exponents 1/ν(=c1) and ω(=c3),
we observe a similar behavior in Fig. 4(b) and the inset. If the
number of Nset increases, the ignorance of a correction to
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FIG. 4. (Color online) Inference results of (a) βcJ and (b) 1/ν

from Binder ratios of the Ising model on cubic lattices. Inset of (b):
Inference results of ω. Nset is the number of systems in a data group
to which kernel methods are applied. Lmax is the largest system size
in a data group. Horizontal solid lines show the values of βcJ , 1/ν,
and ω in Ref. [22]. The shaded bands show the confidential intervals
of inference results.

scaling affects an inference result. In fact, the convergence of
Nset = 5 is slower than that of Nset = 4 in both kernel methods.
The βcJ , 1/ν, and ω results obtained by using the composite
kernel for Nset = 4 and Lmax = 32 are 0.221652(2), 1.587(2),
and 0.83(9), respectively. They are consistent with reported
values in Ref. [22] of βcJ = 0.22165463(8), 1/ν = 1.5873(6),
and ω = 0.832(6), which were estimated from the fine-tuned
Blume-Capel model up to L = 360. Figure 5 shows the
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FIG. 5. (Color online) Finite-size scaling plot of Binder ratios
with a correction to scaling. The values of βcJ and 1/ν are 0.221652
and 1.587, respectively. Solid pink line shows the thermodynamic
scaling function inferred by the composite kernel.
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図 2．3 次元イジングモデルの臨界現
象データのスケーリング解析結果。
(a)臨界逆温度のシステムサイズ依
存性。（b）臨界指数のシステムサイズ
依存性。	
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(a)

)c()b(

FIG. 1. (Color online) (a) Schematic phase diagram of the SU(N )
Heisenberg model on the square lattice with single-row (m = 1)
representations. The phase boundaries for the case of n = 2,3 are
determined in the present study, while that for n = 1 was from
Refs. [6,7]. In the case of n = 3,4, we do not see clear evidence of
the spontaneous VBS order in the vicinity of the phase boundaries for
finite-size QMC simulations. (b,c) Schematic picture of the columnar
VBS (b) and the nematic VBS (c) states. Thick solid lines denote
the larger value of ⟨

∑N
α,β S

αβ
i S̃

βα
j ⟩, while thin solid and dashed lines

indicate smaller values.

where S
αβ
i and S̃

βα
j are generators of SU(N ) algebra, and we

consider J > 0. On one sublattice A of the lattice, the repre-
sentation of the generators S

αβ
i is characterized by the Young

diagram with a single row (m = 1) and arbitrary number n

of columns, while we use the conjugate representation S̃
αβ
i

on the other sublattice. Note that the conjugate representation
satisfies the relation S̃

αβ
i = −S

βα
i . We have performed QMC

simulation based on the loop algorithm. We modified the
ALPS/LOOPER code [19,20] for the present purpose [21]. We
set the inverse temperature β as βJ = L and investigated
the zero-temperature properties by extrapolating the results
to L → ∞.

In order to see the VBS orders, we define two order
parameters. The local nematic order parameter is defined as

#j ≡ Pj,y − Pj,x, (2)

where Pj,µ (µ = ±x,±y) is the nearest-neighbor product of
“magnetic” moments

Pj,µ ≡
N∑

α=1

Sαα
j Sαα

j+eµ
. (3)

The nematic order parameter characterizes the symmetry
breaking of 90 deg lattice rotation. ⟨#j ⟩ takes a finite value
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FIG. 2. (Color online) Semilog plot of the two-point correlation
functions at |R| = L/4 for the model with n = 2 as functions of 1/L.
(a) The correlation function of the Néel order. (b) The correlation
function of the nematic order. The error bars represent the standard
errors.

for both the nematic VBS and the columnar VBS states in the
thermodynamic limit. We also define a local complex order
parameter characterizing the columnar VBS order as

$j ≡ (−1)jx (Pj,x − Pj,−x) + i(−1)jy (Pj,y − Pj,−y), (4)

where jx and jy are integers representing the lattice coordinates
of site j . In the columnar VBS phase |⟨$j ⟩| ̸= 0, while
|⟨$j ⟩| = 0 for the Néel and the nematic VBS phases. In
order to see the phase transition clearly, we examine the
two-point correlation functions of an observable O: CO(R) ≡
⟨O(0)O†(R)⟩. For the Néel order, we use the correlation
of a magnetization Sαα

i : CMag(R) ≡
∑N

α=1 CSαα (R). We also
consider the nematic VBS correlation CNem ≡ C#(R) and the
columnar VBS correlation CCol(R) ≡ C$(R).

III. RESULTS

First, we examine the case of n = 2. In Fig. 2, we show the
two-point correlations for n = 2 at |R| = L/4 for various N
and system sizes L. For the case of the Néel order [Fig. 2(a)],
we see that the correlation exponentially decays to zero by
increasing L for N ! 10 while it converges to a nonzero value
for N = 9, indicating that the Néel state is the ground state for
N " 9 and it is not for N ! 10. These observations are con-
sistent with the previous QMC calculation [7]. For the nematic
order parameter [Fig. 2(b)], the two-point correlations tend to
converge to nonzero values for N ! 10, although the situation
at N = 10 is rather subtle because of larger statistical errors
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図 3.正方格子上の SU(N)反強磁性ハイ
ゼンベルグモデルの基底状態相図。	
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