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We have showed that the restriction of positive representation to the Borel part
is independent of the parameters A and also closed under taking tensor product. We construct the quantum
mutation operator as part of the candidate of the quantum higher Teichmuller theory. We studied the
eigenvalues of the positive Casimir, and its relation to discriminant variety. We develop the idea of
virtual highest weight and show that the Clebsch-Gordan coefficients for tensor product decomposition of
Ug(sl(2,R)) are certain analytic continuation of the classical coefficients.

In joint works with A. Zeitlin, we studied the Baxter Q operator for Cq(2)(2) and calculate explicitly
the R operators using the spinor trick developed for split real case. We also studied the generalization
of decorated super Teichmuller space for N=2 with structure group 0Sp(2]2) Finally with M. Yamazaki, we
generalize Bazhanov’ s quantum dilogarithm identities in the root of unity limit.
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Finite dimensional representation theory of
gquantum groups introduced by Drinfeld and
Jmbo in 1985, originally motivated for the
search of the solutions to the Yang-Baxter
equation, has led to many important
applications in mathematics and physics over
30 years. In particular the braided tensor
category structure gives rise to various
3-manifold and knot invariants, including the
famous Reshetikhin-Turaev’s TQFT. The finite
dimensional representation theory corresponds
to one of the real form called the compact form
in Lie theory. On the other hand, the
representation theory of another important real
form, the split real form, and its corresponding
quantization is much less understood.

The notion of positive representations was
initiated in a joint work with I. Frenkel (2012)
as a new research program devoted to the study
of representation theory of split real quantum
groups. In the simplest case of Uy(sl(2,R))
studied by Teschner et al., it demonstrates a lot
of similarities with the finite dimensional
representation theory of the compact case.
Most importantly, it shows a braided tensor
category structure in a continuous sense, and I
have established previously (Ip, 2012) a
Peter-Weyl type theorem relating positive
quantized functions L%SLg'(R)) with the
regular  representations of  Ugy(d(2,R)).
However, at the same time it also provides
many new phenomena such as Faddeev’s
modular double, a simple analytic relation
giving the Langland’s duality, positivity
properties and their relations to cluster algebra,
and the use of quantum dilogarithm function
that is not available in the compact case.

We continue to study this special class of
representations and develop the theory further,
with the main focus on the braided tensor
category  structure of the  positive
representations and its applications. In
particular, the study of the tensor product
decomposition motivates two directions. First,
restriction to the Borel part leads to a new
candidate for the quantum higher Teichmiiller
theory. Secondly, the study of positive Casimir
and central characters, which establishes new
ideas of virtual highest weight which suggests
that the positive representation may be related
to the finite dimensional representation theory
of compact quantum group by certain twisted
analytic continuation. As for applications, we
will explore the situation when the quantum
parameter  goes to root of unity, as well as the
specification to the theory of superalgebra.

In this project, we develop further the theory of
positive representations of split real quantum
groups. The aim of the project is to try to
establish the tensor product decomposition
structure of positive representations, and
develop its applications to other field of
mathematics. More precisely, we

a) Generalize representation theoretic results
of compact quantum groups to the split
real case and construct the braided tensor
category structure of the positive
representations by studying the restriction
of positive representations to the Borel
part, as well as studying the positive
Casimirs and the central characters;

b) Understand the relations between positive
representations and quantum  higher
Teichmiiller theory by generalizing
Frenkel-Kim’s  construction for the
quantum plane to the Borel part of the split
real quantum groups.

¢) Develop the properties for the theory of
the quantum Lie superalgebra in the split
real case as well as the root of unity case.

I have been travelling to conferences and
workshops in Mathematics (Representation
theory) and Physics (Integrable Systems) to
give seminars and promote the idea of positive
representations of split real quantum groups
and its applications, and gave a series of
summer school lectures in 2014 at University
of Hamburg, Germany on the relation between
positive representations and quantum higher
Teichmiiller theory. New ideas relating
C -algebra, topological quantum field theory
and categorification has been discussed during
the conferences with fellow participants, which
will prove useful for the new applications of
the positive representations. Future directions
have also been discussed with Igor Frenkel
from Yale University to develop further the
theory with emphasis on the semi-classical
limit and root of unity limit of the positive
representations.

In summary, the proposed method for aims of
the project outlined in the previous section are
as followed:



a)

b)

We study the tensor category structure of
the positive representations by two main
approaches.

First, we study the restriction of the
positive representations to the Borel part
and show that it is closed under taking
tensor product. This involves the technique
from previous work on multiplier Hopf
algebra where we construct explicitly the
multiplicative unitary which gives a C*
theoretic construction of the tensor product
decomposition of the Borel part.

Next, recall that the Ugy(sl(2,R)) tensor
product decomposition involve the study
of the spectral decomposition of the
central Casimir operator, hence in this
project we initiated the study of the central
elements in higher rank. We define the
positive Casimirs and study its action and
eigenvalues of central characters on the
positive representations. We expect the
spectral decomposition of the Casimir will
provide the required intertwiners for the
tensor product decomposition.

We study the quantum higher Teichmiiller
theory by generalizing Frenkel-Kim’s
construction using restriction of the
positive representations to the Borel part.
In  Frenkel-Kim’s  construction, an
important ingredient called the quantum
mutation operator is constructed by
decomposing the tensor product of two
representations of quantum plane into
tensor product of the same representations
with a trivial module. We observed the
same phenomenon for the restriction of the
positive representations to the Borel part.
Another ingredient is the Kashaev’s A
operator, which is constructed from the
relation of the representations with its dual
associated with the antipode. We propose
to construct Kashaev’s A operator again by
the restriction to Borel part, and try to
show that it gives Kashaev’s groupoid,
which will induce a new projective unitary
representation of the mapping class and
give a new candidate of the quantum
higher Teichmiiller theory.

For the applications to other areas, we
study the Baxter’s Q operator of the super
algebra Cq(z)(Z) using the spinor trick
proposed for the Ug(osp(1|2,R)) which
brings the modular double structure to the
super case. We also  generalize
Penner-Zeitlin’s decorated super
Teichmiiller space to N=2 with structure

group OFP(2|2) by constructing the group
orbits on the light cone explicitly in terms
of certain bosonic and fermionic
parameters. Finally, we also develop the
quantum dilogarithm identities at the root
of unity limit generalizing Bazhanov’s
result, which is essential for the study of
root of unity limit of the positive
representations in the future. Especially in
the case of g——1 it gives a new classical
representation of the quantum plane and
provides the first step towards the study of
the semi-classical limit of the positive
representations.

We studied the restriction of the positive
representations to the Borel part of the
split real quantum group. We have showed
that the  restriction of  positive
representation to the Borel part is
canonical and does not depend on the
parameters A. Previously we defined the
C* algebraic version of the quantum group
by observing that the Lusztig’s
isomorphism can be casted into
conjugation by the Weyl elements, hence
all the root generators can be realized by
positive operators. This gives the notion of
a continuous PBW basis, and defines a C*
algebra of bounded operators. In particular
we can consider the mnatural GNS
representation of such C* algebra. In (Ip
2014), we show that this representation is
unitary equivalent to the restriction of the
canonical positive representations. In
particular, the GNS representation equips
with the multiplicative unitary, which
gives us a closed formula for the closure
under tensor product.

We have also constructed and studied the
eigenvalues of the positive Casimir. Here
we introduced a new idea called the virtual
highest weights vectors such that they are
formally the eigendistributions of the
generators K, and annihilated by the the
generators E. Using this technique, we can
follow the compact case and calculate the
eigenvalues by looking into the quantum
trace of the Cartan part of the product of
the universal R matrix. We found that the
central characters are given by positive
scalars on the positive representations,
which are bounded below by the
dimensions of  the fundamental
representations of the compact quantum
groups. This gives an important link
between the compact and split real cases.



b)

By considering the image of all the
eigenvalues, they bounded a
semi-algebraic region such that the
boundary is given by certain discriminant
variety which is studied in primitive forms
and singular theory. The precise relation is
yet to be researched.

Finally we show that the Clebsch-Gordan
coefficients for tensor product
decomposition of Ug(sl(2,R)) obtained by
unitary transformations by the quantum
dilogarithms  are  certain  analytic
continuation of the classical coefficients,
using the above idea of virtual highest
weight developed for the calculation of the
positive Casimir. This suggests that we
should define precisely certain twisted
analytic continuation as the correct way to
study the link between the results of
compact and split real representation
theory.

As a result of the tensor product
decomposition of the restriction of positive
representations to the Borel part, it
provides us a quantum mutation operator,
generalizing the similar construction by
Frenkel-Kim in the case of quantum plane.
This gives a candidate of the quantum
higher Teichmiiller theory. However, in an
ongoing work with H. Kim, we have not
yet successfully found the Kashaev’s A
operator in the higher rank case. By
studying the dual representation, we
naturally define an A operator satisfying
A3=1, however it is not compatible with
the quantum mutation operator, in
particular the reflection equation is not
satisfied. This problem will remain to be
done in a future project.

In joint works with A. Zeitlin, we studied
the Baxter Q operator for Cq(z)(Z) and
calculate explicitly the R operators again
using the spinor trick which relates the
representation of super Lie algebra
Uq(osp(1|2,R)) with those of the split real
form Ug(d(2,R)) given by evaluation
representations. We also studied the
generalization  of  decorated  super
Teichmiiller space for N=2 with structure
group OP(2|2), generalizing the
construction by Penner-Zeitlin for the case
of N=1. This provides a first step in the
construction of  quantum higher
Teichmiiller theory in the super case, and
the positive representations will play an
important role just as in the classical
situation, with the quantum dilogarithm

giving the mutation operators of the super
coordinates. As of the end of FY2015 we
are still preparing the submission of the
manuscript.

Finally in a joint work with M. Yamazaki,
we generalized Bazhanov’s quantum
dilogarithm identities in the root of unity
limit, by introducing the idea of modular
double into cluster wvariables, and also
using the explicit root of unity limit of the
quantum dilogarithm discovered recently
by Kashaev et al. This will provide new
clues to the root of unity limit of the
representation theory of quantum plane,
which is the building block of the more
general positive representations of split
real quantum groups.
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